
Worst-ase analysis of a dynami hannel assignment strategy �Lata Narayanan and Yihui TangDepartment of Computer SieneConordia UniversityMontreal, QuebeCanada H3G 1M8email f lata, tang g �s.onordia.aAugust 11, 2003AbstratWe onsider the problem of hannel assignment in ellular networks with arbitraryreuse distane. We show upper and lower bounds for the ompetitive ratio of a previ-ously proposed and widely studied version of dynami hannel assignment, whih werefer to as the greedy algorithm. We study two versions of this algorithm: one thatperforms reassignment of hannels, and one that never reassigns hannels to alls. Forreuse distane 2, we show tight bounds on the ompetitive ratio of both versions of thealgorithm. For reuse distane 3, we show non-trivial lower bounds for both versions ofthe algorithm.1 IntrodutionThe demand for wireless telephony and wireless data servies is expeted to ontinue growingdramatially over the next deade. This makes the eÆient use of already sare spetrumresoures of great importane. The key idea behind the ellular onept was that of frequenyreuse: by dividing the servie area into small overage areas alled ells served by low-powertransmitters, one ould reuse the same hannels in di�erent ells in the network, therebygreatly inreasing the apaity of the network. However, in pratie, reuse is limited by thephenomenon of o-hannel interferene: if the same hannel is used in two di�erent ellsthat are geographially lose to eah other, there an be radio interferene, whih distortsthe signals. To ahieve an aeptable signal to interferene ratio, the same hannel shouldtherefore not be reused in two di�erent ells in the network, unless they are separated by aminimum distane, whih is alled the reuse distane.Cellular data and ommuniation networks are usually modeled as graphs with eahnode representing a base station in a ell in the network. At any given time, a ertain num-ber of ative onnetions (or alls) are servied by their nearest base station. In networksemploying TDMA/FDMA tehnology, servie involves the assignment of a frequeny han-nel to eah lient all. For onveniene, the set of available hannels is assumed to be theset f1; 2; : : : ; Cg. The graphs most often used to model ellular networks are �nite portions�Researh supported partially by NSERC, Canada.1



of the in�nite triangular lattie. We refer to a �nite indued subgraph of the triangularlattie as a hexagon graph. In the rest of this paper, the graphs we onsider are alwayshexagon graphs. The number of alls to be served, that is, hannels to be assigned, at anode v is modeled by its weight w(v). Interferene onstraints are modeled in terms of reusedistane; it is assumed that the same hannel an be assigned to two di�erent nodes in thegraph if and only if their graph distane is at least r. The objetive of an algorithm for thehannel assignment problem is to assign w(v) hannels to eah node v in the network, suhthat interferene onstraints are respeted, and the total number of hannels used over allthe nodes in the network is minimized. In pratie, the problem is an online one; at eahstep, eah node has a weight, and the algorithm must assign hannels to all new alls, andperhaps adjust the previous assignment by reassigning hannels to old alls.A simple and ommonly used strategy is alled �xed hannel assignment (FCA), inwhih base stations an only use hannels from �xed sets that are preomputed to avoidinterferene with neighbors [11℄. For example, when the reuse distane is 2, a 3-ell patternis used to over the network, and the set of available hannels is partitioned into three equalsized sets. Eah ell uses hannels from only one of the three sets based on whih ell itorresponds to in the pattern. Similarly, for the ase r = 3, a 7-ell pattern an be used.The problem with suh a �xed strategy is that a lot of hannels may be unused in ellswith low traÆ, while alls are rejeted in ells with higher traÆ, resulting in ineÆientuse of available bandwidth. In fat, this strategy an be seen to use 3 times (7 times)the minimum number of hannels needed when the reuse pattern is a 3-ell pattern (7-ellpattern respetively). In ontrast, dynami hannel assignment (DCA) [2, 3, 5, 15, 19℄does not partition the hannel set, and in priniple, allows any hannel to be used by anynode in the network. In other words, eah base station an use any hannels that areurrently unused by any neighbors with whom there might be a possibility of interferene.In between are borrowing strategies [4, 6, 7, 12, 14℄, where a �xed number of hannels isreserved per node, but borrowing is allowed, provided there is no onit with neighbors.This an also be seen as providing a di�erent ordering of hannels to di�erent nodes. Aninteresting alternative alled luster partitioning was proposed in [9℄, the details of whih areprovided in Setion 5.2. While it is repeatedly laimed that DCA ahieves higher apaitythan FCA, and this has been demonstrated in some situations, using both empirial andanalytial methods, its worst ase performane in a theoretial framework has not beenstudied.Katzela and Nagshineh [10℄ provide an extensive survey of DCA strategies. The mainharateristi ommon to all DCA shemes is that all hannels are kept in a entral pool andare assigned dynamially to radio ells as new alls arrive in the system. A hannel is eligiblefor use in any ell, provided interferene onstraints are met. DCA strategies vary in theriterion used to selet the hannel to be assigned from the set of all eligible hannels. Theyalso vary in whether they are entralized or distributed, and the synhronization mehanismused in the latter ase. A wide variety of seletion riteria to hoose the assigned hannelan be found in the literature. For example, in [19℄, the algorithm tries to maximize theamount of reuse: roughly, the hannel that has been used the most often at distane rbut least often at distanes r + 1 and r + 2 is used. A number of reently proposed DCAshemes are based on measurement of signal strength from various eligible hannels, andaim to inrease the reusability of hannels [16, 17℄. A ommonly used strategy [3, 5, 15℄, isthe purely greedy strategy of using the minimum numbered hannel among those eligible.2



In this paper, we investigate in detail the worst-ase performane of this greedy strategy.Both entralized and distributed versions of the greedy strategy have been proposed andstudied in the literature, and in the distributed ases, synhronization mehanisms basedon message passing have been desribed. We are not onerned here with synhronizationdetails, and hene, for purposes of ease of analysis, we impose a simple synhronizationsheme based on rounds, that ensures that no onits take plae owing to synhronizationproblems. In fat, we �rst analyze an o�ine algorithm, i.e. we study the performane ofthe algorithm on a single set of weights assigned to eah node. We emphasize that we arenot proposing this simpli�ed version of the greedy strategy as a new DCA strategy to beimplemented, but simply as a tool to be able to analyze easily the strategies mentionedearlier [3, 5, 15℄, and previously proposed in the literature. It is straightforward to seethat the lower bounds we prove on this o�ine algorithm also hold for the online variationsproposed in [3, 5, 15℄. An additional motivation is to be able to provide a fair omparison inthe online setting with previous borrowing strategies. Our lower bounds also apply to thesignal-strength-based strategies mentioned above. We use standard yardstiks for measuringthe eÆay of o�ine and online algorithms. An o�ine hannel assignment algorithm is saidto have performane ratio k if it uses at most k times the minimum number of hannelsrequired to satisfy all requests. An online hannel assignment algorithm has ompetitiveratio  if uses at most  times as many hannels overall as the optimal o�ine algorithmwould.Our Results. For any reuse distane r, we show that the o�ine greedy algorithmhas a performane ratio of at most 6. For reuse distane 2, we show that the greedystrategy has a guaranteed performane ratio of 5=3; this is a tight bound, as it is possibleto onstrut a hexagon graph and weight vetor so that the algorithm uses 5=3 times theoptimal number of hannels. For the ase r = 3, we show that the greedy strategy has aguaranteed performane ratio of 23=8. On the other hand, we show that in some ases, thisstrategy uses 7=3 times the optimal number of hannels. Thus the performane ratio of thegreedy strategy lies between 7=3 and 23=8. We also onstrut a weighted hexagon graph onwhih the greedy algorithm uses 12D=5 hannels where D is the maximum total weight onany lique in the graph, and is a lower bound on the number of hannels needed. Finally,for arbitrary reuse distane, the greedy strategy has a performane ratio of at most 6, whilea simple borrowing strategy is shown to have a performane ratio of at most 18r2+63r2+21 whihis 6� o(1).There are two straightforward online implementations of the o�ine greedy strategy. The�rst is essentially the o�ine algorithm repeated at every step, and has the same boundson its performane. However, hannels assigned to ongoing alls may be reassigned duringsuessive steps, leading to intra-ell hando�s. We refer to this online implementationas G-R (greedy algorithm with reassignments), and mention it in order to provide a fairomparison with the borrowing strategies, whih also perform reassignments. The seondonline implementation of the greedy strategy does not reassign hannels, and is exatly thesame as the strategies proposed in [3, 5, 15℄, with the synhronization details abstratedaway. We all this version G-NR (greedy algorithm with no reassignments). Reently,Caragiannis et al. [1℄ showed an upper bound of 2:5 on the ompetitive ratio of thisalgorithm for reuse distane 2, for the ase when alls are of in�nite duration. In thispaper, we show a lower bound of 2:5 for the general ase. Our result thus demonstratesa tight bound on the ompetitive ratio of G-NR for reuse distane 2 when alls are of3



Reuse Best known Upper bound Lower bound Best knowndistane upper bound for G-R for G-R lower bound2 4D3 [8, 12℄ 5D3 5D3 9D8 [14℄3 7D3 [4℄ 23D8 12D5 5D4r 4D [9℄ 6D 5D4 5D4Table 1: Summary of results for algorithms that perform reassignments. D is used torepresent Dr(G;w), the weighted lique number; G-R is the greedy algorithm that allowsreassignments.Reuse Best known Upper bound Lower bound Best knowndistane upper bound for G-NR for G-NR lower bound2 3D [9, 11℄ 3D 5D2 2D [8℄3 3D [9℄ 4D 3D 5D4r 4D [9℄ 6D 5D4 5D4Table 2: Summary of results for algorithms with no reassignments. D is used to representDr(G;w), the weighted lique number; G-NR is the greedy algorithm without reassignments.The bounds for G-NR apply to the algorithms in [2; 4; 13℄.in�nite duration. We also show that G-NR has ompetitive ratio between 3 and 4 for reusedistane 3. Both the lower bounds and the upper bounds apply to the DCA strategiesfrom the literature that we wish to analyze. Our results are summarized in Tables 1 and2. Note that borrowing strategies with ompetitive ratio 4=3 are known for reuse distane2 [12, 14, 8℄. For reuse distane 3, Feder and Shende have shown a borrowing strategywith ompetitive ratio 7=3 [4℄. The best previously known algorithm that does not performreassignment of hannels is the luster partitioning strategy of Jordan and Shwabe [9℄,whih has a ompetitive ratio of 3 for reuse distanes 2 and 3, and 4 for higher values ofreuse distane.The rest of the paper is organized as follows. The next setion ontains de�nitionsand some tehnial fats. Setion 3 and 4 give our results for reuse distanes 2 and 3respetively. Setion 5 presents our results for arbitrary reuse distane. Conlusions andsome disussion of future work are given in Setion 6.2 PreliminariesLet G be a hexagon graph, i.e. a �nite indued subgraph of the in�nite triangular lattie.The parameter r is alled the reuse distane. A weighted graph is a pair (G;w) where w isa positive integral vetor indexed by the nodes of G. The omponent of w orresponding tonode v is denoted w(v) and is alled the weight of v. The weight of a node represents thenumber of alls to be served at that node.Given G = (V;E), the graph Gr = (V;E0) is de�ned by E0 = E [E2 [ : : :[Er�1. Thusany pair of nodes at distane i < r in G is onneted by an edge in Gr. The problem ofhannel assignment in a weighted hexagon graph (G;w) with reuse distane r is thus the4



same as multioloring the graph Gr. We will assume that nodes are assigned hannels fromthe ordered interval [1;�℄ = f1; 2; : : : ;�g, where � � 1 depends on the partiular graphunder onsideration. For instane, when a node is assigned the subinterval of hannels [i; j℄,it means that the node is assigned the hannels fi; i+ 1; : : : ; jg.The unweighted lique number of Gr is the maximum size of any lique in Gr, and isdenoted !(Gr). Similarly, the hromati number of Gr, the minimum number of olorsneeded to olor Gr, is denoted by �(Gr). It is known that �(Gr) = !(Gr) (see Setion 5),and an optimal oloring an be omputed in polynomial time. We assume that suh anoptimal oloring of the graph Gr is available; thus every node in Gr is assigned a olor fromthe set f1; 2; : : : ; �(Gr)g. We de�ne Nr(v) to be all neighbors of v in Gr that have a lowerolor than that of v. For example, if v is a node with olor 3 in Gr, then Nr(v) onsists ofall neighbors of v in Gr that have olor 1 or 2. Given a weighted graph (G;w), for any nodev, we de�ne Hr(v) to be w(v) + �u2Nr(v)w(u). Given a (partial) assignment of hannels toNr(v), RCr(v) is de�ned to be the number of hannels assigned to more than one node inNr(v). Thus RCr(v) is a measure of the reuse of hannels within Nr(v). Finally, we de�neN r(v) to be all neighbors of v in Gr and Hr(v) to be w(v) + �u2Nr(v)w(u).We are now ready to de�ne the greedy algorithm in a more preise manner. Given aweighted hexagon graph (G;w) and a reuse distane r, the algorithm is assumed to have aoloring of Gr using �(Gr) olors available. The algorithm proeeds in �(Gr) rounds. Inround i, eah node v with olor i and weight w(v) assigns to itself the set of w(v) hannelswith the lowest numbers that are not used in Nr(v). Notie that all nodes in Nr(v) wereassigned hannels in previous rounds. This synhronization sheme is given only for ease ofanalysis; it is not hard to see that the lower bounds obtained for the above algorithm alsoapply to the greedy DCA algorithms in the literature.We onsider two online implementations of the greedy o�ine algorithm desribed above.The �rst one essentially onsists of running the o�ine algorithm at every step on the newweight vetor. We all this version G-R, the greedy algorithm with reassignments. At stept, every node v knows its weight wt(v). In every step, the algorithm proeeds in rounds, andthe nodes with olor i partiipate in round i. At every step, a node ompletely realulatesthe hannels to be assigned to all its nodes, and the hannel assigned to an ongoing all anbe hanged from time to time. The seond online implementation, alled G-NR, does notperform reassignments. At step t, eah node v knows the number of new all arrivals, saynt(v). The node v then assigns to itself the set of nt(v) hannels with the lowest numbersthat are not used at itself or in N r(v). Any synhronization mehanism (inluding theone desribed above for the o�ine algorithm) ould be used to prevent onits ourringduring a single time step.Given a weighted hexagon graph (G;w), we de�ne Dr(G;w) to be the maximum totalweight on any lique in Gr. When solving the hannel assignment problem on (G;w) withrespet to reuse distane r, learly Dr(G;w) is a lower bound on the number of hannelsrequired. Let m(v) be the highest hannel used by the vertex v. The following lemma isused frequently in subsequent setions.Lemma 1 For the o�ine greedy algorithm, and for any node v, m(v) � minfHr(v) �RCr(v); w(v) +maxu2Nr(v)m(u)g.Proof: The number of distint hannels used by nodes in Nr(v) is at most Hr(v) �w(v) � RCr(v). Therefore, v will never use a hannel higher than Hr(v) � RCr(v). Also,5



if u is a node in Nr(v) that uses the highest hannel in v's neighborhood, v will never usemore than the next w(v) hannels. 2The following tehnial lemma is useful in determining whih nodes will be neighborsin Gr for a given r. In a hexagon graph, the verties are all integer linear ombinations xp+yq of the two vetors p = (1; 0) and q = (12 ; p32 ). Thus we may identify the verties withthe pairs (x; y) of integers, alled their oordinates.Lemma 2 For any two nodes p and q at oordinates (x1; y1), (x2; y2) respetively, let d(p; q)denote the distane between p and q.
d(p; q) =

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:
(x2 � x1) + (y2 � y1) if x2 � x1 and y2 � y1 Case1y2 � y1 if x2 � x1 and y2 � y1and y2 � y1 � x1 � x2 Case2x1 � x2 if x2 � x1 and y2 � y1and y2 � y1 � x1 � x2 Case3(x1 � x2) + (y1 � y2) if x2 � x1 and y2 � y1 Case4y1 � y2 if x2 � x1 and y2 � y1and x2 � x1 � y1 � y2 Case5x2 � x1 if x2 � x1 and y2 � y1and x2 � x1 � y1 � y2 Case6Proof: Straightforward. See Figure 1 for an example of eah ase, where (x1; y1) = (0; 0).23 Reuse distane 2In this setion, we study the behavior of the greedy strategy when the reuse distane is 2.We show a tight bound for the performane of the stati version of the greedy algorithm,and a lower bound for the ompetitive ratio of G-NR, the online greedy algorithm with noreassignments.3.1 Stati aseFor this ase, the best known algorithms [12, 14℄ have performane ratio 4=3. We show thatthe greedy strategy has performane ratio 5=3. This is a tight bound, as there are weightedhexagon graphs where the greedy algorithm uses 5=3 times the optimal number of hannelsrequired.Theorem 1 For reuse distane 2, the performane ratio of the o�ine greedy algorithm is53 .Proof: Let (G;w) be a weighted hexagon graph, where every node is olored red, blue, orgreen (orresponding to olors 1; 2; and 3 in the base oloring of G). We denote D2(G;w)by D2. It is easy to see that all red and blue nodes an be assigned hannels using the�rst D2 hannels C[1; 2; : : : ;D2℄. In the third round of the algorithm, we assign hannelsto the green nodes. For any green node v with w(v) � 2D23 , sine N2(v) and v an beovered by three liques(as shown in Figure 2), H2(v) � 3D2 � 2w(v) � 3D2 � 4D23 = 5D23 .6



Thus, by Lemma 1, m(v) � H2(v) � 5D23 . If instead, w(v) < 2D23 sine we an usethe �rst D2 olors C[1; 2; : : : ;D2℄ to olor the red and blue nodes, by Lemma 1, we havem(v) � w(v) +maxu2N2(v)m(u) � 2D2=3 +D2 = 5D23 . Sine a green node an never usea hannel higher than 5D2=3 and D2 is a lower bound on the number of hannels needed,the algorithm has performane ratio at most 5=3.We note that 53 is also a lower bound for the performane ratio of the greedy algorithm.For example, in Figure 3, the reader an verify that D2 = 3k, and that there is an optimalassignment using 3k hannels, but the greedy algorithm will use 5k hannels. Thus, thegreedy algorithm uses 5=3 times the optimal number of hannels required. 2Corollary 1 G-R, the online greedy algorithm with reassignments, has ompetitive ratio 53for reuse distane 2.3.2 Online aseFor the online ase, a trivial upper bound of 3 for the performane ratio of the greedyalgorithm follows from the fat that N2(v)[fvg an be overed with 3 liques (see Figure 2).In [1℄, the authors use a more detailed analysis of H2(v) to prove that for reuse distane2, the ompetitive ratio p of the greedy algorithm satis�es 2:429 � p � 52 when alls areof in�nite duration. For the general ase, we onstrut a hexagon graph and a sequene ofweight vetors to show a lower bound of 2:5 for this ase.Theorem 2 G-NR, the online greedy algorithm with no reassignments, has ompetitiveratio 52 for reuse distane 2.Proof: We provide a hexagon graph (see Figure 4) and a sequene of all arrivals andterminations on nodes in the graph so that the greedy algorithm is fored to use 20 hannels,while the reader an verify that the optimal o�ine algorithm needs only 8 hannels. Letthe pair (�; i) represent:( i new alls ome into node � if i > 0i alls �nish at node � if i < 0It is easy to see that the number of alls an easily be multiplied by any k > 0 to givearbitrarily large weight vetors. While in priniple, the adversary an speify the exat allsthat �nish, in our example, when reduing the weight, we always redue it to zero, that is,all urrent alls terminate. Thus there is no need to speify the exat alls that �nish ina partiular time step. Finally, many elements of the following sequene ould be done inparallel; we do not use this optimization for larity and ease of veri�ation.The adversary's objetive is to make the node o use the hannels [19; 20℄. This happensonly if all the hannels [1; 18℄ are urrently in use in o's neighborhood. Therefore the �rstgoal of the adversary is to make suh a situation our. It is intuitively lear that it isharder to make a neighbor of o use the high hannels than the low hannels. Thus we workon the harder task �rst. We �rst fore the node n to use the hannels [16; 18℄. To do this,one again, we reate a situation where the 6 neighbors of n use all the hannels [1; 15℄. Inpartiular, the nodes h; o and s will have weight 2 eah, and will use the higher hannels[10; 15℄ and the remaining neighbors of n have weight 3 eah, and will use the hannels[1; 9℄. The value of D2[G℄ never exeeds 8. 7



First we work on the node s. The sequene (E; 2); (D; 3); (E;�2), (t; 2), (A; 5); (t;�2);(D;�3) leads to A using the hannels [6; 10℄. Next, the sequene (C; 5); (z; 3); (C;�5),(A;�5) leads to z using the hannels [11; 13℄. Now, the sequene (x; 3); (y; 3); (x;�3),(`; 3), (r; 4), (y;�3); (`;�3) leads to r using the hannels [7; 10℄. Inreasing the weight ofn to 6 leads to n using the hannels [1; 6℄ sine n has no neighbors of positive weight.Now, inreasing the weight of s to 2 fores s to use the hannels [14; 15℄. The sequene(r;�4); (z;�3) ensures that the only nodes with non-zero weight are s and n.Next we work on the node o. The sequene (w; 3); (v; 3); (w;�3) leads to v using thehannels [1; 3℄. Next, the sequene (k; 3); (p; 5); (k;�3), (v;�3), (o; 2); (p;�5) leads to thenode o using the hannels [12; 13℄. At this point, o; s; and n are the only nodes withnon-zero weight. Next, to make node h use the hannels [10; 11℄, we employ the sequene(a; 3); (b; 3); (a;�3), (d; 3); (; 3); (b;�3), (d;�3); (h; 2). Next, the sequene (n;�6); (;�3)ensures that the only nodes with positive weight are h, o, and s, and they are using thehannels [10; 15℄.Finally we make the other neighbors of n use the hannels [1; 9℄. The sequene (y; 3); (r; 3);(y;�3); (g; 3), (m; 3); (g;�3); (r;�3) makesm use the hannels [7; 9℄. The sequene (i; 3); (A; 3),(t; 3); (A;�3) makes i use the hannels [1; 3℄ and t use the hannels [4; 6℄. Then the sequene(n; 3); (h;�2), (o;�2), (s;�2); (m;�3); (i;�3); (t;�3) leads to n using the hannels [16; 18℄and being the only node of positive weight in the graph.Reall that the �nal goal is to make o use the hannels [19; 20℄. At this point, we workon the other neighbors of o. First we make the node j use the hannels [13; 15℄. Thesequene (w; 4); (q; 4); (w;�4), (f; 4); (k; 4); (f;�4); (q;�4) leads to k using the hannels[9; 12℄. Next, (d; 5); (e; 3), (d;�5); (o; 5), (j; 3), (k;�4); (e;�3); (o;�5) ahieves the purposeof j using the hannels [13; 15℄. Now, the sequene (k; 2); (q; 2); (B; 3), (v; 2); (p; 3); (k;�2),(q;�2); (v;�2) leads to p getting the hannels [7; 9℄. At this point, (z; 3); (t; 3); (z;�3),(i; 3); (u; 3); (B;�3); (o; 2), leads to t getting the hannels [4; 6℄, i getting the hannels [1; 3℄,u getting the hannels [10; 12℄, and �nally, o getting the hannels [19; 20℄ as desired.The reader an verify that the optimal o�ine algorithm an perform the assignmentwith 8 hannels. In partiular, we an break up the sequene of alls into two parts: at theend of the �rst part, node n has weight 2, and its neighbors alternately have weight 2 or3. In the seond part of the all sequene, �rst all neighbors of node n lose all their alls,and then the other neighbors of node o get 3 alls eah, ulminating with node o gettingtwo alls. By looking ahead a few steps, the optimal assignment an ensure that node nends up with hannels [1; 3℄ at the end of the �rst part, and that the alternating neighborsof node n have hannel sets [4; 6℄ or [7; 8℄. Similarly, in the seond part of the sequene,the neighbors of node o an be assigned either [1; 3℄ or [4; 6℄, so that node o an �nally beassigned hannels [7; 8℄. 24 Reuse distane 3In this setion, we study the ase when the reuse distane r = 3. We show that for thestati ase, the greedy strategy has performane ratio at least that of the borrowing strategygiven in [4℄. This shows that for the stati ase, the greedy strategy is no better than theborrowing strategy in the worst ase. We also show that G-NR, the online greedy algorithmwith no reassignments, has ompetitive ratio at least that of the luster partitioning strategyof [9℄. This shows that for the online ase, the greedy strategy is no better than the luster8



partitioning strategy in the worst ase.4.1 Stati aseFeder and Shende have given a borrowing strategy for this ase that has performane ratio7=3 [4℄. In partiular, for any weighted hexagon graph (G;w), their algorithm uses at most7D3(G;w)=3 hannels. We show in this setion that there are situations when the greedyalgorithm performs worse than this. Also, we show an upper bound on the performaneratio of the greedy algorithm; however, we were unable to prove a tight bound for this ase.For reuse distane 3, the underlying unweighted graph G3 an be olored with 7 olors.Let G be a weighted hexagon graph and let D3 denote D3(G;w). For onveniene, we referto a node with olor 1 as a 1-node, a node with olor 2 as a 2-node and so on. Aordingto the algorithm, when a node i is being assigned hannels, the only nodes whih alreadyhave assigned hannels, and may therefore a�et its assignment are nodes with lower olors.For example, when a 4-node is being assigned hannels, the only nodes that may a�et theassignment are the 1, 2 and 3-nodes in its neighborhood. Thus, one an obtain an upperbound on the largest hannel used by a 4-node by knowing bounds on the largest hannelused by 1, 2, and 3-nodes. We now prove a suession of lemmas, showing upper boundson the largest hannel used by nodes of olors from 1 to 7. Clearly, upper bounds on thelargest hannel used by nodes of olors 1 to 7 provides an upper bound on the performaneratio of the greedy algorithm.Lemma 3 All the 1-nodes and 2-nodes an be assigned using the �rst D3 hannels C[1; 2; : : : ;D3℄.Proof: Straightforward. 2Lemma 4 For any 3-node v, m(v) � minfD3 + w(v); 3D3 � 2w(v)g � 5D33 .Proof: For any 3-node v, the set fvg [N3(v) an be overed by three liques. and also,by Lemma 3, no element of N3(v) an use a hannel higher than D3. It then follows froman argument similar to the proof for green nodes in Theorem 1 that m(v) � minfD3 +w(v); 3D3 � 2w(v)g � 5D33 . 2In fat, this is a tight bound, as shown by the example in Figure 5. The reader anverify that D3 = 3k, but the greedy algorithm will use 5k hannels.We prove the following general fat that will be useful later.Fat 1 Let p be a 3-node in N3(v) where v is a 4-node, and let w(p) = D3�w(v)� i. ThenH3(p) � D3 + 2i.Proof: Sine p is a 3-node, N3(p) an be overed by three liques, eah onsisting of apair of 1- and 2-nodes. Sine two of these liques are also sub-graphs of a lique ontainingboth v and p, their total weights are at most i eah (see Figure 6 for one suh position ofp with respet to v, the other positions an be veri�ed by the reader). The third lique inN3(p) has weight at most w(v) + i. Thus, H3(p) � D3 + 2i. 2Lemma 5 For any 4-node v, m(v) � 13D37 .9



Proof: For any 4-node v, sine fvg [ N3(v) an be overed by three liques, H3(v) �3D3 � 2w(v). So if w(v) � 4D37 , by Lemma 1, m(v) � H3(v) � 3D3 � 8D3=7 = 13D37 . Onthe other hand, by Lemma 4, none of the nodes in N3(v) an use hannels higher than 5D33 .Therefore, if w(v) � 4D321 , m(v) � 5D33 + 4D321 = 13D37 .It remains to show that m(v) � 13D37 when 4D321 < w(v) < 4D37 . Let w(v) = 4D321 + k,where 0 < k < 8D321 . Then for any 3-node p in N3(v), w(p) � 17D321 � k. Let w(p) = 17D321�k � i. We laim that m(p) � 5D33 � k.If i < D37 , by Fat 1, we have H3(p) � D3 + 2i � 9D3=7 � 5D33 � k, and therefore byLemma 1, m(p) � 5D33 � k. If instead i � D37 , we have w(p) � 2D3 � k. Sine none of the1- and 2-nodes in N3(p) will use olors higher than D3, by Lemma 1, m(p) � D3+w(p) �5D33 � k.Sine no 3-node in N3(v) uses a hannel higher than 5D33 � k, and any 1- or 2-node inN3(v) uses hannels numbered at mostD3 < 5D33 �k, by Lemma 1, m(v) � w(v)+ 5D33 �k �13D37 . 2The bound in Lemma 5 is a tight bound, as shown by the example in Figure 7. Thereader an verify that D3 = 7k but the greedy algorithm uses 13k = 13D3=7 hannels inthis ase.Lemma 6 For any 5-node v, m(v) � 11D35 .Proof: For any 5-node v, by Lemmas 3 to 5, sine none of its neighbors will use hannelshigher than 13D37 , if w(v) � 12D335 , by Lemma 1, m(v) � 13D37 + w(v) = 11D35 .Consider two of the 1-nodes 1a and 1b in v's neighborhood (see Figure 8). If w(1a) � w(1b),all of 1a's hannels will also be used by 1b, and thus RC3(v) � w(1a). It is easy to verifythat H3(v) � 3D3 +w(1a)� 2w(v) and therefore by Lemma 1, m(v) � H3(v)�RC3(v) �3D3 � 2w(v) � 11D35 if w(v) � 2D35 . Similarly, if w(1b) � w(1a), we an also show thatm(v) � 3D3(v)� 2w(v) � 11D35 .It remains to show that m(v) � 11D35 when 12D335 < w(v) < 2D35 . Let w(v) = 12D335 + k,where 0 < k < 2D335 . Then for any 4-node u in v's neighborhood, w(u) � 23D335 � k.Claim 6.1 shows that m(u) � 13D37 � k. Indeed, if u is 1-, 2, or 3-node in v's neighbor-hood, m(u) � 5D33 � 13D37 � k, for all values of k in the range 0 < k < 2D335 . It follows as aonsequene of Lemma 1 that m(v) � w(v) + 13D37 � k = 12D335 + k + 13D37 � k = 11D35 . 2Claim 6.1 m(u) � 13D37 � k.Proof: Let w(u) = 23D335 � k � i. Sine N3(u) onsists of 3 liques, and all the nodes inone of them are also neighbors of v, therefore H3(u) � 23D335 � k � i+ 2(12D335 + k + i) + i =47D335 + k + 2i. If w(u) � 2D35 , we have k + i < 9D335 and H3(u) < 13D37 � k, thereforeby Lemma 1, m(u) � 13D37 � k. If instead w(u) � 4D321 � k, by Lemmas 1, 3, and 4,m(u) � 5D33 + w(u) = 13D37 � k.Thus we only need to onsider 4D321 � k < w(u) < 2D35 . Suppose w(u) = 4D321 � k + `,where ` < 22D3105 + k. Then for any 3-node p in N3(u), w(p) � 17D321 + k � `. Let w(p) =D3 � w(v) � j = 17D321 +k �` � j. If j � k � D37 , then w(p) � 2D33 � ` and by Lemma 4,m(p) � 5D33 � `. It then follows from Lemma 1 that m(u) � 5D33 � `+ 4D321 �k + ` =13D37 � k as laimed. 10



Otherwise if j � k < D37 , by Fat 1, H3(p) � D3 + 2j < 9D37 + 2k. Thus, by Lemma 1,m(p) � 9D37 + 2k. It then follows from Lemma 1 that m(u) � 9D37 + 2k + 4D321 � k+` = 31D321 + k + ` < 59D335 + 2k < 13D37 � k, as required. 2The above bound is tight, as there exists a hexagon graph for whih D3 = 5k but thegreedy algorithm uses 11k = 11D3=5 hannels (see Figure 8).Lemma 7 For any 6-node v, m(v) � 5D32 .Proof: Let v be a 6-node, and let u be the node in N3(v) using the maximum-numberedhannel. If u is a 1- or 2-node, then by Lemmas 3 and 1, m(v) � D3 + w(v) � 2D3.Otherwise, if u is a 3-node, then w(v) � D3 � w(u) and by Lemmas 4 and 1, m(v) �D3+w(u)+w(v) � 2D3. If u is a 4-node, thenm(v) � minf13D3=7+w(v); 3D3(v)�2w(v)g� 47D3=21 � 5D3=2 as laimed. Claim 7.1 below gives three upper bounds on m(u) forthe ase when u is a 5-node, and Claim 7.2 establishes a minimum value for the funtionsobtained in Claim 7.1. The two laims together establish the lemma. 2Claim 7.1 Let w(v) = x and w(u) = D3 � x� y where u is a 5-node.1. m(v) � 3D3 � 2x+ y.2. m(v) � D3 + 2x+ 2y.3. m(v) � (19D3 + x� 6y)=7.Proof: Notie that there are three 5-nodes in N3(v). In other words, the node uan be in three di�erent positions relative to the node v. One suh position is shownin Figures 9 and Figure 10. The ase when w(1a) � w(1b) is shown in Figure 9. Itan be seen that N3(v) [ fvg an be overed by four liques and the node 1a. Two ofthese four liques also inlude the node u. Furthermore, sine w(1a) � w(1b), all hannelsused at 1a are also reused at node 1b, thus RC3(v) � w(1a). Therefore, by Lemma 1,m(v) � H3(v)�RC3(v) � 4D3 +w(1a)� 3x� (D3 � x� y)�RC3(v) � 3D3 � 2x+ y, aslaimed. A similar argument applies when w(1b) � w(1a); see Figure 10. Finally, we anshow the idential result for the remaining two positions of u. This �nishes the proof of (1).To see (2), observe that N3(u) onsists of 3 liques of 1-, 2-, 3-, and 4-nodes, in additionto a 1-node, whih an always be hosen to be the smaller of nodes 1a and 1b in N3(u)(see Figure 8). Further, one of these liques is suh that all nodes in it are neighbors ofv, and thus has weight at most y, while the other two liques have weight at most x + y.Thus, using an argument similar to the one in the previous paragraph, we an show thatH3(u) � D3 + x + 2y, and thus by Lemma 1, m(u) � D3 + x + 2y. This implies in turnthat m(v) � D3 + 2x+ 2y.To show (3), we need to analyze more arefully the maximum hannels used by 3 and4-nodes. In partiular, if x3 is a 3-node with a 4-node neighbor x4, then H3(x3) � 3D3 �2w(x3) � 2w(x4). Therefore, m(x3) � 5D3=3 � 2x4=3. We take this into aount whenanalyzing a 4-node p with a 5-node neighbor u. In partiular, the maximum hannel usedby any neighbor of p is at most 5D3=3 � 2w(p)=3. Also, H3(p) � 3D3 � 2w(p) � w(u). Itfollows from Lemma 1 that m(p) � 13D3=7�w(u)=7. Realling that w(u) = D3�x�y inthis ase, we obtain m(u) � m(p) + w(u) � (19D3 � 6x� 6y)=7, and thus, by Lemma 1,m(v) � (19D3 + x� 6y)=7 as laimed. 211



Claim 7.2 min(3D3 � 2x+ y;D3 + 2x+ 2y; (19D3 + x� 6y)=7) � 5D32 .Proof: Assume the laim is not true at x = a, y = b, that is, all three funtions evaluateto greater than 5D32 for these values. This implies:3D3 � 2a+ b > 5D3=2 (1)D3 + 2a+ 2b > 5D3=2 (2)(19D3 + a� 6b)=7 > 5D3=2 (3)Then (1) + (2)) b > D33 , while (1) + (3) � 14) b < 7D322 , whih yields a ontradition.2Lemma 8 For any 7-node v, m(v) � 23D38 .Proof: For any 7-node v, N3(v) [ fvg an be overed by four liques, and so H3(v) �4D3 � 3w(v). If w(v) � 3D38 , by Lemma 1, m(v) � H3(v) � 4D3 � 3w(v) � 23D38 . On theother hand, by Lemmas 3 to 7, none of the nodes in N3(v) an use hannels higher than5D32 . So if w(v) � 3D38 , by Lemma 1, m(v) � 5D32 + w(v) � 23D38 . 2It is possible to onstrut a weighted hexagon graph where the greedy algorithm uses7D3=3 hannels, while an optimal assignment using D3 hannels exists. Thus, the perfor-mane ratio of the greedy algorithm is at least 7=3. However, there is a weighted hexagongraph (G;w) where D3(G;w) = 5k and the greedy algorithm uses 12k = 12D3=5 hannels,as shown in Figure 111. The reader an verify the assignment given by the greedy algorithm.The following theorem is a onsequene of Lemmas 3 to 8 and the disussion in theparagraph above:Theorem 3 For reuse distane 3:1. The o�ine greedy algorithm has performane ratio p where 73 � p � 238 .2. There is a weighted hexagon graph (G;w) suh that the o�ine greedy algorithm uses12D3(G;w)=5 hannels.Corollary 2 G-R, the online greedy algorithm with reassignments, has ompetitive ratio pwhere 73 � p � 238 for reuse distane 3.4.2 The online aseFor this ase, the luster partitioning strategy given in [9℄ an easily be shown to haveompetitive ratio 3, as mentioned in Setion 5. We show here that the greedy algorithmhas ompetitive ratio between 3 and 4.Theorem 4 G-NR, the online greedy algorithm with no reassignments, has ompetitiveratio p where 3 � p � 4 for reuse distane 3.1However, this graph does not appear to have an assignment with fewer than 6k hannels.12



Proof: The upper bound on p follows simply from the fat that for any node v, N3(v)is overed by 4 liques, eah with weight at most D, whih implies that m(v) � H3(v) �4D. To show the lower bound, we onstrut a hexagon graph and a series of all arrivalsand departures so that the algorithm is fored to use 9 hannels while the optimal o�inealgorithm needs only 3 hannels. The proof is similar to that of Theorem 2, but the sequeneof all arrivals and terminations as well as the graph used are muh larger. In what follows,we use (x;w; [1; 2℄) to denote the arrival of w new alls at node x, whih inreases theweight of node x to w from 0. This in turn fores the greedy algorithm to use the ontiguoushannels 1 to 2 at node x. The notation xj denotes the removal of all alls at node x, thusreduing the weight to 0, and ausing the release of all hannels urrently being used atnode x. We note that many of the steps in this sequene an be performed in parallel,thus shortening the sequene, as well as the number of steps required. We give this longersequene here for larity and ease of veri�ation.Sine the number of nodes involved is quite large, we break up the sequene into threesequenes, given in Tables 3, 4 and 5. The �rst sequene, given in Table 3, is intendedto make the node o use the hannel 8. The orresponding graph is given in Figure 12. Inorder to make this happen, we have to �rst make the neighbors of o use all hannels [1; 7℄.These goals are listed in the �rst olumn on Table 3. These in turn lead to other sub-goalslisted in the seond olumn. Similarly, Table 4 in onjuntion with Figure 12 desribes thesequene to fore node C to use hannel 7 given that node o is already using hannel 8.Finally, Table 5 in onjuntion with Figure 13 gives the sequene to fore node p to usehannel 9 given that nodes o and C are using hannels 8 and 7. The reader an also verifythat the optimal o�ine algorithm an perform the assignment with 3 hannels. 25 Arbitrary reuse distaneIn this setion, we onsider the problem of hannel assignment with respet to an arbitraryreuse distane r. We show a lower bound on the performane of any algorithm, and analyzethe worst-ase performane of the greedy strategy as well as a straightforward borrowingstrategy.Lemma 9 For any reuse distane r�3, there are hexagon graphs G suh that Gr ontainsa 5-yle as an indued subgraph.Proof: If r is odd, we hoose v1; v2; : : : ; v5, at oordinates (0; 0); (r � 1; 0); (r � 1; r �1), (0; 3r�32 ), and (� r�12 ; r � 1) respetively. Otherwise, we hoose them at oordinates(0; 0); (r � 1; 0); (r � 1; r � 1); (0; 3r2 � 2), and (� r2 ; r � 1) respetively. It follows fromLemma 2 that for any two nodes (vi; vj), d(vi; vj) � r if and only if i = j mod 5 + 1. Forexample, in Figure 14(a), given reuse distane 3, the 5-yle onsists of the �ve nodes at(0; 0); (2; 0); (2; 2); (0; 3); (�1; 2), and in Figure 14(b), given reuse distane 4, the 5-yleonsists of the �ve nodes at (0; 0); (3; 0); (3; 3); (0; 4); (�2; 3). 2Theorem 5 For any reuse distane r � 3, there exists a weighted hexagon graph (G;w)suh that any algorithm for hannel assignment must use 5Dr(G;w)=4 hannels.Proof: Let G be a hexagon graph that ontains a 5-yle as an indued subgraph (itsexistene is on�rmed by Lemma 9). We assign every node in the 5-yle with weight k.13



Goal Sub-goal Sequene(h; 1; [7℄) generate node h's neighborhood(o; 2; [1; 2℄) (e; 1; [1℄); (f; 1; [1℄); (; 1; [2℄); (o; 2; [1; 2℄)(i; 2; [5; 6℄) (p; 1; [3℄); (t; 1; [1℄); (s; 2; [2; 3℄); (l; 1; [4℄); (i; 2; [5; 6℄)(b; 2; [3; 4℄) (d; 1; [1℄); (a; 1; [2℄); (b; 2; [3; 4℄)lean up neighborhoods of i, b, and odj, aj, ej, j, pj, fj, lj, sj, tjraise h's weight(h; 1; [7℄)lean up h's neighborhoodij, bj, oj(u; 1; [6℄) generate node u's neighborhood(A; 1; [5℄) (z; 2; [1; 2℄); (H; 1; [3℄), zj, (v; 1; [1℄)(N; 2; [1; 2℄); (I; 1; [4℄); (F; 1; [1℄); (B; 2; [2; 3℄); (A; 1; [5℄)(q; 2; [3; 4℄) (d; 1; [1℄); (j; 1; [2℄); (q; 2; [3; 4℄)(o; 2; [1; 2℄) (o; 2; [1; 2)lean up neighborhoods of A, q, and odj, jj, vj, Hj, Ij, Nj, Bj, Fjraise u's weight(u; 1; [6℄)lean up u's neighborhoodAj, qj, oj(k; 1; [5℄) generate k's neighborhood(q; 2; [3; 4) (v; 1; [1℄); (d; 1; [1℄); (j; 1; [2℄); (q; 2; [3; 4℄)(o; 2; [1; 2℄) (o; 2; [1; 2℄)lean up neighborhoods of q and odj, vj, jjraise k's weight(k; 1; [5℄)lean up k's neighborhoodqj, oj(r; 1; [4℄) (D; 2; [1; 2℄); (x; 1; [3℄); (p; 2; [1; 2℄); (r; 1; [4℄)Dj, xj, pj(n; 1; [3℄) (m; 2; [1; 2℄); (n; 1; [3℄),mj(p; 1; [2℄) (o; 1; [1℄); (p; 1; [2℄), oj(g; 1; [1℄) (g; 1; [1℄)(o; 1; [8℄) (o; 1; [8℄)hj, uj, kj, rj, nj, pj, gjTable 3: Sequene of alls as a result of whih node o uses hannel 8. See Figure 12.
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Goal Sub-goal Sequene(J; 2; [5; 6℄) (M; 1; [4℄) (R; 2; [1; 2℄); (Q; 1; [3℄); (G; 2; [1; 2℄); (M; 1; [4℄)(D; 1; [3℄) (D; 1; [3℄)(P; 1; [2℄) (O; 1; [1℄); (P; 1; [2℄)(F; 1; [1℄) (F; 1; [1℄)Rj, Oj, Qj, Gj(J; 2; [5; 6℄)Mj, Dj, Pj, Fj(E; 2; [3; 4℄) (L; 1; [2℄) (O; 1; [1℄); (L; 1; [2℄)(w; 1; [1℄) (w; 1; [1℄)(E; 2; [3; 4℄)Oj, wj, Lj(y; 2; [1; 2℄) (y; 2; [1; 2℄)(C; 1; [7℄) (C; 1; [7℄)Jj,Ej, yjTable 4: Sequene of alls as a result of whih node C uses hannel 7, given that node o isalready using hannel 8. See Figure 12.Goal Sub-goal Sequene(i; 1; [6℄) (j; 1; [4℄) (e; 2; [1; 2℄); (d; 1; [3℄); (s; 2; [1; 2℄); (j; 1; [4℄)(b; 1; [2℄) (a; 1; [1℄); (b; 1; [2℄)(; 1; [5℄) (; 1; [5℄)(u; 1; [3℄) (y; 2; [1; 2℄); (u; 1; [3℄)(p; 1; [1℄) (p; 1; [1℄)(i; 1; [6℄)ej, yj, jj, bj, j, uj, pj, aj, dj, sj(t; 1; [5℄) (m; 1; [2℄) (h; 1; [1℄); (m; 1; [2℄), hj(v; 1; [3℄) (A; 1; [1℄); (v; 1; [3℄)(x; 1; [4℄) (D; 1; [2℄); (x; 1; [4℄), Aj, Dj(p; 1; [1℄) (p; 1; [1℄)(t; 1; [5℄)mj, vj, xj, pj(n; 1; [4℄) (f; 1; [1℄) (f; 1; [1℄)(l; 1; [2℄) (l; 1; [2℄)(v; 1; [3℄) (z; 1; [1℄); (v; 1; [3℄),zj(n; 1; [4℄)vj, lj, fj(q; 1; [3℄) (r; 2; [1; 2℄); (q; 1; [3℄),rj(w; 1; [2℄) (B; 1; [1℄); (w; 1; [2℄), Bj(g; 1; [1℄) (g; 1; [1℄)(p; 1; [9℄) (p; 1; [9℄)Table 5: Sequene of alls as a result of whih node p uses hannel 9, given that nodes oand C are already using hannels 8 and 7 respetively. See Figure 13.15



Then Dr(G;w) = 2k. Further, sine 5k alls need to be served, and eah hannel an beused at most 2 nodes, the optimal number of hannels required is 5k2 = 5Dr(G;w)=4. 25.1 Stati aseIn this setion, we analyze the performane of a simple borrowing strategy, along the linesof the algorithm for reuse distane 3 in [4℄. The following lemma was derived independentlyin [13℄ and [18℄. We give a simple onstrution below for onveniene.Lemma 10 ([13, 18℄) Given G a hexagon graph, and reuse distane r,!(Gr) = �(Gr) = ( 3r24 if r is even3r2+14 otherwiseLet G be the in�nite triangular lattie. We onstrut the maximum-sized lique in Grby �nding nodes in G that are at distane at most r � 1 from eah other. If r is even,we build layers moving outwards from a triangle. The �rst layer onsists of 3 nodes, theseond layer onsists of 9 nodes, and the r2 th layer, whih is the outermost layer, onsistsof 3 + 6( r2 � 1) = 3r � 3 nodes. It is easy to verify that this set of nodes omprises alique, and in fat, a maximum-sized lique. The total number of nodes in the lique is3 + 9 + ::: + (3 + 6( r2 � 1)) = 3r24 . For example, Figure 6(a) shows that !(G2) = 3, andFigure 6(b) shows that !(G4) = 12. It is also easy to onstrut a tiling of the in�nitetriangular lattie using these liques, thereby showing that the hromati number equalsthe lique number.If instead r is odd, in building the maximum-sized lique we move outwards from asingle node. The �rst layer onsists of 1 node, the seond layer onsists of 6 nodes, thethird layer onsists of 12 nodes, and the r+12 th layer onsists of 3r� 3 nodes. Therefore thetotal number of nodes in the lique is 3r2+14 . For example, Figure 6 shows that !(G3) = 7,and Figure 6 shows that !(G5) = 19. One again, these liques an be used to tile thetriangular lattie, showing that the hromati number equals the lique number.Theorem 6 For any weighted hexagon graph (G;w) and any reuse distane r > 1, there isan algorithm that has performane ratio 18r23r2+20 if r is even, and 18r2+63r2+21 when r is odd.Proof: The algorithm uses `�(Gr) hannels (where ` will be spei�ed later), and parti-tions them into �(Gr) sets of ` hannels eah. A node v is alled heavy if w(v) > ` and lightotherwise. Eah node v of olor i in Gr assigns the smallest minfw(v); `g hannels fromhannel set i. At this point, all light nodes have reeived enough hannels and drop out.Any remaining heavy node now borrows any hannel that is unused among its neighbors inGr.For any heavy node v, it is easy to see that Hr(v) � w(v) + 6(Dr(G;w) � w(v))= 6Dr(G;w)� 5w(v). For ` = 6Dr(G;w)�(Gr)+5 , sine w(v) > `, Hr(v) � 6Dr(G;w)� 5` = �(Gr)`.This means that v has suÆient hannels to borrow and to omplete its assignment.From Lemma 10, we know the �(Gr) is 3r24 for even r and 3r2+14 for odd r, so Hr(v) �18r23r2+20Dr(G;w) for even r and 18r2+63r2+21Dr(G;w) for odd r. It follows from Lemma 1 thatm(v) � Hr(v) and thus the performane ratio is at most 18r23r2+20 for even r and 18r2+63r2+21 forodd r. 216



We note that this ratio is always lower than 6 for any bounded value of r. For thepartiular reuse distanes of 2, 3, and 4, this algorithm gives us performane ratios of 2:25,3:5, and approximately 4:24 respetively. The luster partitioning algorithm desribed inthe next setion has a better performane ratio for all values of reuse distane greater than2, in addition to having the advantage of not requiring reassignment of alls in the onlinease.5.2 Online algorithmsThe best known performane ratio for hannel assignment for reuse distane r > 3 isahieved by an algorithm alled luster partitioning in [9℄. The key idea is to partitionthe graph into lusters whih are maximal liques, as with FA. However, unlike FA, whereidential sets of hannels are assigned to orresponding ells in di�erent lusters, here, sets ofD hannels are assigned to entire lusters, in suh a way that any pair of lusters ontainingells that are within distane r � 1 are assigned di�erent sets. Calls arising in any lusterare assigned hannels from its nominal set of hannels. Furthermore, it turns out that itis possible to olor the lusters with 4 olors suh that any two lusters that have nodeswithin distane r � 1 of eah other get di�erent olors. Thus four sets of hannels suÆe,whih implies a performane ratio of 4 for the algorithm.However, we observe that for reuse distane r = 2; 3, the lusters an be 3-olored (seeFigure 17). Thus, 3D hannels suÆe, and a performane ratio of 3 for the algorithmfollows. The existene of a 3-oloring for other values of reuse distane is unlear.It is easy to show an upper bound on the performane of the greedy algorithm forarbitrary reuse distane.Theorem 7 For any weighted hexagon graph (G;w) and any reuse distane r > 1, thegreedy algorithms G-R and G-NR have performane ratio at most 6.Proof: Sine for any node v, the set fvg [Nr(v) an be overed by 6 liques, eah withweight at most Dr(G;w), we know that Hr(v) � 6Dr(G;w). It follows from Lemma 1 thatm(v) � 6Dr(G;w). Sine Dr(G;w) is a lower bound on the number of hannels required,the algorithm has performane ratio at most 6. 26 DisussionWe have shown that the ompetitive ratio of the greedy DCA algorithms proposed in[3, 5, 15℄ are between 2:5 and 3 for reuse distane 2 and lie between 3 and 4 for reusedistane 3. Thus the worst-ase performane of the greedy strategy with no reassignmentsis no worse than the worst-ase performane than FA for both values of reuse distane.For reuse distane 2, there is no known algorithm that has better worst-ase performanethan the greedy algorithm or FA among algorithms that do not perform reassignment ofhannels. For reuse distane 3, the luster partitioning algorithm of Jordan and Shwabe[9℄ an be seen to have ompetitive ratio 3, whih is at least as good as that of the greedyalgorithm.In the stati setting, or alternatively while onsidering online algorithms where reas-signment of hannels is permitted, the greedy algorithm appears to have poor performane.17
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Figure 1: Distanes between nodes
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Figure 2: N2(v) [ fvg is overed by 3 liques.
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Figure 5: An example showing that a 3-node an use 5D3=3 hannels.
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Figure 11: An example showing that a 7-node an use 12D3=5 hannels.
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33



P3

P4

P5

P2 P1

Y axis

X axis

 

P1 P2

P3

P4

P5

X axis

Y axis

Figure 14: (a) 5-yle for reuse distane 3, and (b) 5-yle for reuse distane 4.
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Figure 15: Maximum-sized liques of hexagon graph with reuse distane (a) 2 and (b) 4.
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Figure 16: Maximum liques of hexagon graph with reuse distane (a) 3 and (b)5.
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Figure 17: Clusters an be 3-olored for odd values of reuse distane (reuse distane 3 isshown here).
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