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Abstract. Let p be a rational prime and let ¢(X) be a monic irreducible
polynomial in Z[X], with ng = deg ® and ¢ = v, (disc @). In [I3] Montes
describes an algorithm for the decomposition of the ideal p Ok in the alge-
braic number field K generated by a root of @. A simplified version of the
Montes algorithm, merely testing @(X) for irreducibility over Qp, is given
in [19], together with a full MAPLE implementation and a demonstration
that in the worst case, when @(X) is irreducible over Q, the expected
number of bit operations for termination is O(n3<62"¢). We now give a
refined analysis that yields an improved estimate of O(n5"“ds+na “52"¢)
bit operations. Since the worst case of the simplified algorithm coincides
with the worst case of the original algorithm, this estimate applies as
well to the complete Montes algorithm.

1 Introduction

In an algebraic number field K with ring of integers O, factorization of the
ideal pOg, for p prime, can be determined via polynomial factorization over the
field of p-adic numbers Q, [12].

If K = Q(a) for a given a € Ok such that the index [Of : Z[a]] is not
divisible by p then the factorization of the ideal pOg can be determined by
polynomial factorization modulo p [BJ6[7]. In practice, efficient techniques for
polynomial factorization modulo p [I2l[4] combined with Hensel lifting [12/20]
solve the problem of factoring pOg in a straightforward and effective manner
when p does not divide the index.

The complications arising when p divides the index [(9 K Z[a]] have been the
subject of considerable study. Current ideas are derived from the “Round Four”
algorithm of Zassenhaus [20], which has evolved into two main variations, the
“one-element” method [§] and the “two-element” method [16]. Versions of the
one-element method are used by MAPLE and PARI. The two-element method is
used, e.g., by Magma.

The algorithm of Montes [13] is in a separate category.

Given a monic irreducible polynomial ¢(X) in Z[X], the Montes algorithm
determines the number of irreducible factors of $(X) in Z,[X] and their respec-
tive degrees. The algorithm exploits classical results of Ore [15/14] on Newton
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polygons and provides an alternative to the methods based on ideas of Zassen-
haus.

A familiar application of Newton polygons gives the p-adic valuations of roots
of a polynomial in Z,[X]. If &(X) € Z,[X] has two roots with different p-adic
values then Hensel-lifting techniques can be applied to construct a non-trivial
p-adic factorization of @ to any desired degree of precision.

This process constitutes “level 0” of the Montes algorithm.

For each factor of @ revealed at level 0, the algorithm proceeds to higher
levels, either to discover a refined factorization or to establish irreducibility.

At level r, with ¢,(X) an irreducible monic polynomial in Z,[X] and V, a
valuation of Q,[X], the algorithm constructs the ¢,-adic expansion of a given
polynomial and then computes

e 3 finite field F, _,
e the Newton polygon N,.(®) of & with respect to the valuation V.,

e aslope —d,./e,, with d, and e, coprime positive integers, of an edge of N;.(®),

e the “associated polynomial” Ll'/éT%(Y) € F, [Y] for each segment S of N.(®),

e a monic irreducible factor ¢, of Ll'/‘é% with &, a root of ¥, and f, = deg,,
o a valuation V;.11 of Q,[X],

e an irreducible monic polynomial ¢,4+1(X) € Z,[X].

The number of edges of N,.(?) and the number of distinct irreducible factors of
Ll'/g% give information for the factorization of @; if either is greater than one then
& is reducible.

Our goal being to give an estimate of the complexity of the worst case of the
Montes algorithm, we have restricted the algorithm merely to decide the question
of irreducibility of a given polynomial. When & is irreducible over Q, the Newton
polygon at each level is a single segment. It is apparent that this is the most
costly case, i.e., the case that reaches the highest level, for the full algorithm.
So our restricted algorithm operates under the assumption that N, (®) has just
one edge at each level r; the failure of this condition terminates the restricted
algorithm.

In [19, Chapter 3] a complete MAPLE implementation of the restricted Montes
algorithm is given, together with a demonstration that in the worst case, when
@ is irreducible over Q,, the expected number of bit operations for termination
is O(n3t<63+), with ng = deg® and dg = v,(disc®). In the present paper we
give a refined analysis that yields an improved estimate of O(TLZ);’_E(S@ +n<21)+65§5+6)
bit operations. Since the worst case of the simplified algorithm coincides with
the worst case of the original algorithm, this estimate applies as well to the full
Montes algorithm.

2 Definitions and Notation

Definition 1. Let ¢o(X) = X and let Vi denote the standard p-adic valuation
of Qp. For K(X) € Qp[X] and r > 1, the level-r Newton polygon of K, denoted
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N, (K), is the Newton polygon of K with respect to the valuation V; of Qp[X],
which can be defined recursively as
VoK) =min{e,1V,_1(Ar_1k) + kVi(r-1) | 0<k<n}
with K(X) = Y3 _g Ar—1,6(X) pr—1(X)* the p,_1-adic expansion of K(X).
Remark 1. N,.(K) is the lower convex hull of the set
{(k, Vi (Are @) [0 <k <my Ang(X) # 01,
and if deg K < deg ¢, then N,.(K) = {(0,V.(K))} and V,11(K) = e, V,.(K).

Definition 2. For r > 1 and K(X) a nonzero polynomial in Z,[X] we define
S,k to be the segment of N,.(K) having slope —d../e,.

Definition 3. For positive integers r and v we define
Q= I/d:l mod e, ,
Bro = (v—arudr)/er,
Tr ={ (ory + Aep, By = Ady) [0 S A< |Bry/dr]

Remark 2. If L is the line through the point (0,v/e,) with slope —d, /e, then
7., is the longest segment of £ with endpoints having nonnegative integer co-
ordinates.

Definition 4. For r > 0 we define

i, =0, 7, =0, ifr=0,

T =dr_1+€r_1Vr_1, Up =er_1fr_1fy, ifr>1.
Remark 3. For r > 1 it is easily seen that &, = V,.(¢,—1) and 7, = V(o).

Definition 5 (Associated Polynomial). Let r > 0, let « and 8 be nonnega-
tive integers, and let S be an arbitrary segment of slope —d,. /e, with left endpoint
(o, B). Let mo =0 and forr > 1 and k > 0 define

m, = (1/d,) mod e, ,
0 — 1 ifr=1,
r = er_fllfr—lé-:’z‘l—lfrflur ZfT‘ >1,

*kdr - k T _’I"
@(SvTvk): \‘mTfl(ﬂ ) (a+ c )V Jv
€r—1
« er o(S,rk
l—é,r,k = Qr h grf(l )E F‘Zr .
Let K(X) € Z,[X] have @,-adic expansion

K(X) = Ao(X) + A1 (X) @ (X) 4 -+ + An(X) ¢ (X)"
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with d,j + e, Vi(A; 1) > dra+e.3 for j =0, ..., n and let

J={k[0< k< (0= a)fer), (ot her, VilAasne, o75)) €S}

We define the level-r associated polynomial of K with respect to S to be

U (Y) = ey m Y

with n, € Fy, defined as

Nk =

Zoﬁ»keo Zf T = O,
Fk(go) s with Bk(X) = Aa+k€1 (X) /pﬁikdl ) ZfT =1 )
gty (1), with vg = Vi(Aasre,), ifr>2.

Sk Tr—1,uy, Aatker

We further define the natural level-r associated polynomial of K to be

GOy = w0 (v).

Remark 4. The polynomial @I(g)(Y) has nonzero constant term.

3 Outline of the Restricted Montes Algorithm

A complete MAPLE implementation of the restricted Montes algorithm, with
proofs and explanatory comments interspersed, is given in [19]. Here we give an
outline showing the three major phases of the algorithm. The algorithm begins
in phase My (level 0), then alternates between phase M; and phase My (level r,
for r =1, 2, ...) until reaching a terminating condition.

e input: $(X) € Z[X] monic and irreducible, p € Z prime

{ TRUE if ¢(X) is irreducible over Q,[X],
e output:

M0:

M1:

1.

FALSE if (X)) is reducible over Q,[X].

Factorize @ modulo p:

=Yg Ui (mod p).

0,k0

. If kg > 1 then return FALSE.

If ko =1 and ag,; =1 then return TRUE.
Define po(X) =X, ng=1, dy =0, eg =1,

Yo = to,1, fo = degvo, &o a root of .
Set r — 1.

. If r = 1 let p1(X) be a monic polynomial in Z[X] such that B; = .

If > 1 construct H,_; according to Algorithm 1 in Sect. [6] below
and let
Pr = Sﬁir—illfril +H 1.
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6. Define n, = e,_1fr_1n,—1 = degy,.
7. If r > 1 and e,—1f,—1 = 1 then replace p,_1 «— @, and r < r — 1.
My: 8. If ¢, = @ then return TRUE.
If o, |® and ¢, # @ then return FALSE.

9. Let Sp1, ..., Sra,. be the segments of N;.(?) and let ¢, + 1 be the
number of points on S, j, with integer coordinates, for k =1, ..., A..

10. If A\, > 1 then return FALSE.

If A, =1 and (1 =1 then return TRUE.
11. Let —d,/e, be the slope of S, 1, with d, and e, relatively prime and

ey > 0, and construct ¥\" (Y) € F, [Y].
12. Factorize _

) = e gt e g

over F, , with ¢, € F;_ a nonzero constant.
13. If x, > 1 then return FALSE.

If kK, =1 and a,; = 1 then return TRUE.
14. Define ¥, = 9,1, fr = degr, & a root of ;.
15. Replace r «— r + 1.

Go to M.

4 Complexity of Fundamental Operations

Notation. We use <a1pha>F and <alpha> Q to denote the number of operations
P

in F,, and Q respectively required for the execution of the procedure alpha. We
use the notation

f(n) € O(n**)
as an alternative to the “soft-O” notation
f(n) € 0~(n*) = f(n) € O(n*(Inn)°)

for some positive constant ¢ (see [9]). For n > 3 and ¢ a prime power we define
the following.

L(n) =lnninlnn F(n,q) = nM(n)In(gn)
M(n) =nL(n) K(¢) = M(Ing)Inlng
We are concerned with the reducibility of the monic polynomial ¢(X) € Z,[X]

for some prime p. We let d¢ denote vp(disc P) and we let p%% denote the p-adic
reduced discriminant of ¢ [8, Appendix A]. It is clear that 0} < ds.

Magnitude of p. To simplify the subsequent discussion we impose the condition
that p € O(1), by which we mean that p is a small prime, not exceeding the
magnitude of a single machine word.
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Arithmetic in Z,. If F(X) € Z[X] with F(X) = &(X) (mod p*++1Z,[X])
then @(X) is reducible in Z,[X] if and only if F(X) is reducible in Z,[X]. Thus
in our computations p-adic integers are represented as rational approximations

with 203 + 1 p-adic digits of precision, i.e., as rational integers reduced modulo
265 +1
pPeth.

Schonhage and Strassen have shown that the time required to perform an
arithmetic operation on two rational integers of length m is O(M(m)); see [9]
Ch.8, §8.3]. It follows that if we represent p-adic integers in this fashion then the
cost of an arithmetic operation is O(Ag), with

Ag =M(051np).

Arithmetic in Fq. By [9, Ch.14, §14.7], a single operation in F, can be per-
formed in O(K(q)) word operations. If ¢ = p/” the assumption that Inp € O(1)
gives Ing = f*Inp € O(f*) and thus the cost of an operation in F, is

O(K(¢)) = O(M(Ing) Inlng) € O(f*(In f*)*Inln f*) C O(f*11+9).
For o € F; and any integer n the cost of computing o™ is

since we may assume 0 < n < ¢ — 1. By [I8, Theorem 10], the asymptotic cost
for constructing an irreducible polynomial of degree n over the finite field Fy is

O((n*Inn+nlng)L(n)).

Polynomial Arithmetic. The number of operations required to evaluate a
polynomial of degree n at a given point using Horner’s rule is O(n). By [I7] and
[3], the number of operations needed to multiply two polynomials of degree at
most n is O(M(n)). It follows that the number of operations needed to compute
the m'™ power of a polynomial of degree n is

O(nman(nm)) C O((nm)'e).
By [9, Ch 14, §14.4 and §14.5], the expected number of operations in F; needed

to factorize a polynomial of degree n over Fy is

O(F(n,q)) C O(n2+E Ing).

Let ¢(X) be a monic polynomial in Z,[X] of degree n,,, let f(X) be a polynomial
in Z,[X] of degree n, and let k, = |n/n,]. Let E(f,k,) denote the number of
operations in Z, needed to compute the ¢-adic expansion

FX) =20 ai(X) ¢i(X).

From [9, Ch 5, §5.11], we have

E(f,ky) € O(ky(ky + 1)n2) = O(n2k2) = O(n?).



180 D. Ford and O. Veres
5 Complexity of the Algorithm

Finite Fields. For r > 0 the finite field F, ., is implemented as F,[p;], with

r+1

e p, of a root of ¥,

e ¥*(Y) an arbitrary irreducible monic polynomial in F,[Y] of degree f,
o fr=1Jo [
Thus Fy, ., = Fg, [&] = Fplo, - .., &] = Fplpr] and gr41= qf* =plr.

Computing the Newton Polygon. It follows from [19, Theorem 15] that the
recursive computation of V;.(®) requires O(n3"“Ag) operations in Q and that
this dominates the cost of constructing N,.(®).

Computing ¢,. The construction of ¢, = gpifffr*l + H,_; is explained in

rflfrfl

Sect. [Bl below. The cost of computing ¢;" is
<<pir_711fr—1 >FP — O ,
<30ifff“1 >Q € O((nr—1er—1fr—1)"TA¢) = O(ny T Ag) .

A slight modification of the proof of [19, Theorem 17] shows that the cost of
constructing H,_1 = Hy_15, ~,_, is

<Hr—1>Fp < O(Tfr—lf*_(32’+€)) € O(rn™),

T

<Hr_1>Q S O(rn}feAq;) .
Thus the cost of computing ¢, is dominated by the cost of computing H, ;.

Computing the Associated Polynomial. It follows from [19, Theorem 16]
that if » > 2 then

<@4(>T)>F IS O(nqsni"“) - O(ni"’s) ,
<@£T)>Q c O(n¢n7{+64¢) c O(néﬂqu) _

Total Complexity. The cost of phase My is dominated by the cost of factorizing
& over F,,. Hence

<M0>Fp € O(F(ns,p)) C O(n35+5),

(Mo)q € 0(1).
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The cost of phase M; is dominated by the cost of constructing ¢,.. Hence
3+e

<M1(T)>Fp € O(an )

<M1(r)>Q €0(rn T Ag).
The cost in Q-operations of phase Ms is dominated by the construction of the
Newton polygon N,.(®) and of the associated polynomial qur), each of which
require O(n3"“Ag) operations in Q. Since F,_,, = F,[p,], the necessity of ex-
pressing &, and p._; in terms of p, arises. This is achieved in each case by

factoring ¢¥_; over F,[p,], which requires O(f*T¢) C O(n3") operations in
F,. These are the dominant finite-field operations in My, hence

(Ma(r) g, € O™
(Ma(r))q € O(ngAg).
We now estimate the number of operations required for the chain of computations
Mo(P) — M;(1) — My(1) — M1(2) — Ma(2) — -+ - — My(m) — Ma(m)

with the algorithm terminating at level m. We note that at level r we have
ng <mnj <---<n, with ng|ny || n.. Hence 2" < n, and thus r € O(Inn,.).
It follows that m € O(Inng) and we have

(Mo(F) g, + 550, (M1 (), + (Mar)))
= <M0(F)>Fp+ ZT:1<M1(T)>FP+ ZT:1<M2(T)>FP

€ O(nZt + m*n3 + mni)
€ O(ng™),

(Mo(F))q + 22721 ((Mi(r) ) q + (Ma(r)) )
= (Mo(F))q + 271 (M1 (r) ) g + 22751 (Ma(7) )
€ O(ne + m’ngt*Ag + mn<Ag)
CO(n3tAs).

From [16], Proposition 4.1] it follows that the case e,_;f,—1 = 1 can occur at
most

P vp(disc @) < 2w, (disc D)
ne

times. Hence the sequence

Mi(r) — Ma(r — 1) — My (r)
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can occur at most 2v,(disc $) times in the course of the computation. From the
results above we have

<M1(r)>Fp+ (Ma(r — 1)>Fp € O(rn3*e +n3te) C O(nite),
<M1(r)>Q + (Ma(r — 1)>Q € O(rny e +n2t Ag) C O(n3 ™ Ag).
Since 05 < d¢ and Inp € O(1) we have
Ag = M(05Inp) € O(05).

It now follows that the expected number of operations required for the restricted
Montes algorithm to terminate is

O(205(n3 + n% < Ag)) € O(n3F 8p +nZe 627).

Remark 5. This is a slight improvement on the estimate O(nj,“63") from [19].
By way of comparison, Pauli [16] gives an estimate of

3+e sl+e 2+€ 2+e€
O(ng™ 05" +ng" o )

bit operations for factorization of a univariate polynomial over Q,, via the “two-
element” method.

6 The Construction of ¢,

Algorithm 1 (Montes). Given ds, es, fs, etc., for 1 < s <r and given

e an integer t in the range 1 <t <r,
e an integer v > Viyq,

o a nonzero polynomial §(Y) € Fy, [Y] of degree less than fi,
to construct a polynomial Hy, 5(X) € Zp|X] such that

[ degHt_,,,,g < Ny,
L V;H-l(Ht,V,é) =V,

t
ol (V) =5(Y).
Construction. Let (o, ..., (f,—1 in Fy, be such that
_ el i
Y)=> GY".

Since 6(Y) #0 theset Js={i|0<i< fy —1,{; # 0} is not empty. For i € Js
we construct K;(X) as follows.

o We take 6;(Y) to be the unique polynomial in Fy, ,[Y] of degree less than
ft,1 such that 51'(5,5,1) = FTt,,/,t,i CZ
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o If t = 1 we take P;(X) to be a polynomial in Z,[X] of degree less than fo

such that P;(Y) = §;(Y) and we set
Ki(X) = plrr—ip(X).
o If t > 2 welet v; = (Br, —idy) — (a,, + i€r)T; and we set
Ki(X)=H;_1,,, 5(X).
Having constructed K;(X) for ¢ € Js, we set
Hiws(X) = e 5, Ki(X) o (X)ewtree

O

Remark 6. Tt follows from [I3 Proposition 3.2] that Algorithm [ correctly con-

structs the polynomial H; , s with the indicated properties.

The counstruction of §;(Y") in Algorithm [l being rather complicated, we provide

some implementation details.

X frx

Computing Y,.. If r > 0 we construct 7. € Fp" "~ such that

Pr 1§J _Zh 0( ),J,k/’r

forj=0,..., fr—=1,k=0,..., ff_; — 1. In practice we construct TT € Fg:xf:

and M € Fg: such that

(T r+navjvks, = G ngrs Miyjvrp, = Mk,
for h=0,...,f —1,7=0,..., fr—1,k=0,..., f, —1.

Deriving §; from Y1;_1. Given i € Js and t > 2, let

fioi—1
Fﬁ,u,t,i G = KioF K1 Pr—1+ -+ Ki,fr -1 Py € Fp[ﬂt—ﬂ =Fy .

Forj=0,..., i1 —1,k=0,..., fiy—1,let M;; € F, satisfy
t— t*— -1
Zf ! £:02 (Tt—l)h,j,k Mk = Kin
for h=0, ..., fiL;—1, and let
ft 1— ft*— -1 ]
5;(Y) = Y50 (ShEs Mk pia) Y.
Thens (1) € By pr_sl[Y] = By (7] and
t—1—1 ft*— -1 ]
0i(&-1) = Zf w0 Mk pfo &,
t—1—1 fi 1 fi
= S T T M e (T gk ol

fii— — fi_,—1
= I T S T g My Pl

ft*—l_l h
= 2.h=0 Kih Pr—1

=17 G

The essential properties of ¢, are as follows (see [19, Proposition 9]).
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Proposition 1 (Montes). Let ds, es, fs, ¢s, s, ete., be given for1 < s <r—1
and let

W1 (V) = Q57 e (V) - Y,

r—1

or(X) = ‘Pr—l(X)erflfrfl + Hr15, 701 (X).

Then ¢, (X) is a monic polynomial in Z,[X] with the following properties.

deg ¢, = n;.
N;_1(pr) consists of the single segment Sr—1,0.-
er((pr) =U,.

o UTV(Y) = 0, Ty (Y).

7

r—1

@y 15 irreducible over Zy.

Supplementary Remarks

The MAPLE code from [19], including an example, can be found at this URL.

http://www.mathstat.concordia.ca/faculty/ford/Student/Veres/mmtest.mpl

Two recent monographs by Guardia, Montes, and Nart give a thorough revision
of the theory underlying the Montes algorithm [I0] and a detailed description
of the algorithm [IT]. Algorithm [[] and Proposition [l in Sect. [d above appear in
[10). A simpler choice for (2, (see Definition [l is also given, but with no effect
on the complexity of the algorithm.
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